ABSTRACT. This paper continues the investigation of Esslamzadeh and the first author which was begun in [ESSLAMZADEH, G. H. 
Introduction
The concept of an amenable Banach algebra was defined and studied for the first time by Johnson in [12] . Since then, several modifications of this notion have been introduced by different authors (for instance, [1] and [9] ). The concept of cyclic amenability was presented by Gronbaek in [11] . He investigated the hereditary properties of this concept, found some relations between cyclic amenability of a Banach algebra and the trace extension property of its ideals. The notion of approximate amenability was introduced by Ghahramani and Loy [9] for Banach algebras where they characterized the structure of approximately amenable Banach algebras in several ways. They also gave some examples of approximately amenable, non-amenable Banach algebras to show that two notions of approximate amenability and Johnson's amenability do not coincide (for more information and examples refer also to [10] ). In this paper we define the concept of approximate cyclic amenability for Banach algebras and investigate the hereditary properties for this new notion. Furthermore, we show that for Banach algebras A and B, if direct sum A ⊕ B with 1 -norm is approximately cyclic amenable, then so are A and B. By means of an example we show that the converse is not true. However, the converse can be held if A 2 is dense in A. We also portray that approximate cyclic amenability of a Banach algebra A is equivalent to the approximate cyclic amenability of M n (A). In the third section, we show that homomorphic image of an approximately cyclic amenable Banach algebra under a continuous homomorphism is also approximately cyclic amenable. As a consequence, we prove that if the tensor product A ⊗ B is approximately cyclic amenable, then so are A and B provided that A and B admit nonzero character. Finally, some mild conditions can be imposed on A such that the approximate cyclic amenability of A * * with the first or the second Arens products, implies the approximate cyclic amenability of A.
M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary
Let A be a Banach algebra and X be a Banach A-bimodule. Then X * is a Banach A-bimodule with module actions
A derivation from a Banach algebra A into a Banach A-bimodule X is a bounded linear mapping
Let A be an arbitrary Banach algebra. The first and second Arens multiplications on A * * which are denoted by " " and " ♦ " respectively, are defined in three steps. 
Approximate cyclic amenability
We first recall the relevant material from [7] , thus making our exposition self-contained. It is shown in [7: Example 4.3] that there is an approximately cyclic amenable Banach algebra which is not cyclic amenable. So the distinction between the cyclic amenability and the approximate cyclic amenability of Banach algebras are followed (see also Example 2.5).
Let A be a non-unital algebra. We denote by A # , the unitization algebra of A, formed by adjoining an identity to A so that A # = A ⊕ C, with the product
In the case where A is a Banach algebra, A # is also a Banach algebra which contains A as a closed ideal. The following result shows the relationship of their approximate cyclic amenability which is proved in [7: Proposition 4.1].
ÈÖÓÔÓ× Ø ÓÒ 2.1º Let A be a non-unital Banach algebra. The unitization algebra A # is approximately cyclic amenable if and only if A is approximately cyclic amenable.
Let I be a closed ideal in A. We say that I has the approximate trace extension property if for each a
We also say that a bounded approximate identity
ÈÖÓÔÓ× Ø ÓÒ 2.2º Let A be a Banach algebra with a closed ideal I. In the general case, the converse of Theorem 2.3 (ii) is not true. Indeed, the condition A 2 = A in part (i) is necessary as we will see in the following example.
(i) Suppose that
Recall that a character on A is a non-zero homomorphism from A into C. The set of characters on A is called the character space of A and is denoted by Let A be a Banach algebra, X be a Banach A-bimodule and n ∈ N. We shall regard M n (X ) as a Banach M n (A)-bimodule in the obvious way so that
We have the identity
Note that
for a = (a ij ) ∈ M n (A) and Λ = (λ ij ) ∈ M n (X ) * . One should remember that M n (A) is isometrically algebra isomorphic to M n ⊗ A.
Ì ÓÖ Ñ 2.4º Let A be a Banach algebra and n ∈ N. Then A is approximately cyclic amenable if and only if M n (A) is approximately cyclic amenable.
P r o o f. If A does not have an identity, according to equality M n (A) # = M n (A # ) and Proposition 2.1, we can assume that A has an identity. Let A be an approximately cyclic amenable Banach algebra and D : M n (A) −→ M n (A) * be a cyclic continuous derivation. We regard M n as a subalgebra of M n (A). Since M n is amenable, there exists an element Λ = (λ ij ) ∈ M n (A * ) with
We have
when (i, j) = (r, s) and in this case d
is a cyclic continuous derivation because for a, b ∈ A, by (2.1) we get
for all a, b ∈ A. Due to approximate cyclic amenability of A, there exists a net
Take Λ α ∈ M n (A * ) to be the matrix that has λ α in each diagonal position and zero elsewhere. Then by (2.1) we see
This shows that M n (A) is approximately cyclic amenable.
Conversely, suppose that M n (A) is approximately cyclic amenable and D : A −→ A
* is a continuous cyclic derivation. It is easy to check that D ⊗ 1 :
Thus for every a ∈ A, we have
The above equality implies that D(a) = lim
Therefore A is approximately cyclic amenable. 
Approximate cyclic amenability of second dual
Moreover (i * ) 2 = I (A op ) * . Applying i * to both sides of the above equation, we have 
It follows that B is approximately cyclic amenable.
(ii) Since ϕ * * • ψ * * = I B * * , the proof is similar to (i). In the rest of the paper, we investigate conditions under which approximate cyclic amenability of A * * necessitates approximate cyclic amenability of A.
Let A be a Banach algebra. The space of almost periodic functionals on A is defined by W AP (A) = {a * ∈ A * : a −→ a · a * ; A −→ A * is weakly compact}.
